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K(ε)
KMV
_
Nfe/Fb\#KMVPcVfPﬃRSNDiSPZO?P` P)TWi]E2P^O±\]F/iSKMFb\KUV
ε1/2
yt`\aF/RaR]KMVD~
K[ε1/2] := M + ε2B =
∑
k≥0
εk/2Kk/2,
#KRSA
K0 = M

K2 = B
P^V
_
Kk/2 = 0
TWi
k = 1, 2, 3
PZV
_
k ≥ 5  rmF/Vfe/F)KU ζ[ε1/2] = ∑k≥0 εk/2ζk/2
P^V
_
g[ε1/2] =
∑
k≥0 ε
k/2gk/2
PZi]FTZiSE2P^O±\]F/iSKUFd\#KUR]Ae/TtF@e
KMF/VtRS\#KMV
Σ(S0)
[RSADF$FﬀtNfP^R]KMTZV
K[ε1/2] ζ[ε1/2] = g[ε1/2]
GfBA
 
EPZ¡ZFd\#\aFbVf\aFW
²±F/R
g[ε1/2]
P^V
_
G[ε1/2]
y8FTWi]E2PZO^\aFbi]KMFb\#KUR]A$e/TtF@e
KMF/VtRS\KMVoR]AfF¤\aY8PZe
Fd\
Σ(S0)
P^V
_
C∞
(
∂S0,T(R
+)
)
i]Fd\aY=Fbe
R]KMZF/OM`Z@BADFBFﬀtNfP^R]KMTZVf\BG8A
 
PZV
_
|D s
 
`LKUFbO
_
R]AfFF ﬀtNfPﬃRSKUTWVf\R]Txy8FX\SPﬃRSKM\'>fF
_
yL`
ζ[ε1/2]
PZV
_
Z[ε1/2]
KUVR]AfF$KUVtR]Fbi]KMTZiBTZRSADF
_
TZE2PZKUVf\b@BADFo~ZTtP^OKQ\BVDTﬃ.RSTcE2P^RSepAR]ADFd\aFxTWi]E2P^O±\]F/iSKMFb\#P^OMTZVf~ﬀRSADF$y8TWNDV
_
PZi]`W
vV¥RSADFy8TWNDV
_
PZi]`
∂S0
#ADKMepA"e
TWi]iSFb\]Y=TZV
_
RSTRSADF2\aF/R
T = 0
KUV
S˘
±FcebP^V
_
F>fVfF)RSADFcTZOMOUTﬃ#KMVD~
TZiSEPZO±\aFbi]KMFb\bL#KRSAe
TLF@e
KMF/VtRp\#KUV
C∞(∂S0)
H
ζ[ε1/2]
∣∣
∂S0
:=
∑
k≥0
εk/2ζk/2
∣∣
∂S0
P^V
_
Z[ε1/2]
∣∣
∂S0
:=
∑
k≥0
εk/2Zk/2
∣∣
T=0
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ζ[ε1/2]
KMV RSADF
tKQe
KMVDKURk` TZ
∂S
yL`2RSADFoTZiSEﬀNDOQP
∂rζ[ε
1/2] :=
∑
k≥0
εk/2∂rζ
k/2.
£NDRRSADFﬀiSF/OQPﬃRSKUTWV
T = ε−1/2r
P^OMOUTﬃX\XR]T _ F>fVfFR]AfFcPWeR]KMTZV T^
∂r
TWVR]ADF)TZiSE2P^O\aFbi]KMFb\
Z[ε1/2]
yt`RSADF
TZiSEﬀNDOQP
∂rZ[ε
1/2] := ε−1/2∂T Z[ε1/2] =
∑
k≥−1
εk/2∂T Z
(k+1)/2(T, s).
p F$\aF/R
ζ
−1/2
3 = 0
DFxRSAtN8\#e/P^Ve
TWVf\]K _ FbiBR]ADF\]NDE
∂rζ3[ε
1/2]
∣∣
∂S0
+ ∂rZ3[ε
1/2]
∣∣
T=0
=
∑
k≥−1
εk/2
(
∂rζ
k/2
3
∣∣
∂S0
+ ∂TZ
(k+1)/2
3
∣∣
T=0
)
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ILNDYDY=TW\]F$~ZKMZFbVTWi]E2P^O±\]F/iSKMFb\BKMV
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c∗[ε1/2] =
∑
k≥0
εk/2c
k/2
∗
P^V _
cn[ε
1/2] =
∑
k≥0
εk/2ck/2n ,
Gf |
 
#ADF/iSFcTZiﬀPZOUO
k

c
k/2
∗ = (c
k/2
r , c
k/2
s , c
k/2
3 ) ∈ C∞(∂S0)3
PZV
_
c
k/2
n ∈ C∞(∂S0)  Ł F2#iSKRSF c[ε1/2] =∑
k≥0 ε
k/2ck/2
#KUR]A
ck/2 = (c
k/2
∗ , c
k/2
n )

@BADFoTZiSE2P^O±\]F/iSKUFd\YDi]TWyDOMF/E \aRSP^R]Fb\#PW\TZOMOUTﬃX\hHKUV
_
(
ζ[ε1/2],Z[ε1/2]
)
\]TZOMN[RSKUTWVTZRSADF$FﬀtNfP^R]KMTZVf\

K[ε1/2] ζ[ε1/2] = g[ε1/2],
K[ε1/2] Z[ε1/2] = G[ε1/2],
ζ[ε1/2]
∣∣
∂S0
+ Z[ε1/2]
∣∣
T=0
= c∗[ε1/2],
∂rζ3[ε
1/2]
∣∣
∂S0
+ ∂rZ3[ε
1/2]
∣∣
T=0
= cn[ε
1/2].
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§m\]KUVD~oRSADFXYDiSF/LKMTZNf\;FﬀtNfPﬃRSKUTWVf\P^V
_
R]ADFXiSF/OQPﬃRSKUTWVf\#|f r
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KM\F ﬀtNDKUﬃPZOUFbVWRRST$R]AfF#TZOMOUTﬃ#KMVD~
YDi]TWyDOMF/EH$KMV
_
TWi]E2P^O\]F/iSKUFd\
ζ[ε1/2] =
∑
k≥0 ε
k/2ζk/2
P^V
_
Z˘[ε1/2] =
∑
k≥0 ε
k/2Z˘k/2
\aTWOUN[RSKUTWVf\oT^
R]ADFoTWOUOMTﬃ#KUVf~cF ﬀtNfPﬃRSKUTWVf\/tTWiXP^OMO
k ≥ 0 
M(ζk/2) = −B(ζ(k−4)/2) + gk/2 KMV S0,
K˘0(Z˘k/2) = −∑k`=1 K˘`/2(Z˘(k−`)/2) + G˘k/2 KMV S˘,
ζ
k/2
r
∣∣
∂S0
+ Z˘
k/2
T
∣∣
T=0
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k/2
r ,
ζ
k/2
s
∣∣
∂S0
+ Z˘
k/2
s
∣∣
T=0
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k/2
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ζ
k/2
3
∣∣
∂S0
+ Z˘
(k+1)/2
3
∣∣
T=0
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k/2
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∂rζ
k/2
3
∣∣
∂S0
+ ∂T Z˘
(k+2)/2
3
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T=0
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k/2
n .
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Ł
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\]ADTﬃ RSAfPﬃR$RSADF>fip\kRoR]Fbi]E2\$TZ¤RSADF
TZiSEPZO±\aFbi]KMFb\
G˘[ε1/2]
#iSKUR]F
G˘0 = 0
P^V _
G˘1/2 = (0, G03).
Ł F _ KMLK _ FoR]ADF$F ﬀWN8PﬃR]KMTZV8\xGf s
 
KMVtR]TcRkTYfPZiaRp\H
∀k ≥ 0,

K˘0(Z˘k/2) = −∑k`=1 K˘`/2(Z˘(k−`)/2) + G˘k/2 KMV S˘,
Z˘
k/2
3
∣∣
T=0
= c
(k−1)/2
3 − ζ(k−1)/23
∣∣
∂S0
,
∂T Z˘
k/2
3
∣∣
T=0
= c
(k−2)/2
n − ∂rζ(k−2)/23
∣∣
∂S0
,
Gf u
 
TZiBR]AfF$y8TWNDV _ PZi]`OQP`ZFbiR]F/iSE2\/DPZV _
∀k ≥ 0,

M(ζk/2) = −B(ζ(k−4)/2) + gk/2 KMV S0,
ζ
k/2
r
∣∣
∂S0
= c
k/2
r − Z˘k/2T
∣∣
T=0
,
ζ
k/2
s
∣∣
∂S0
= c
k/2
s − Z˘k/2s
∣∣
T=0
,
Gf(F
 
TZiRSADF¥RSF/iSE2\KMV
Σ(S0)
  T^RSF¥RSAfPﬃRRSADFb\]F¥RkT ~Wi]TWNDYf\2TZFﬀtNfPﬃRSKUTWVf\PZi]F¥OMKMVD¡ZF _ yt`¦RSF/iSE\ TZV RSADF
y8TWNDV
_
PZi]`
∂S0

DTZi
k = 0
LR]AfFb\]FxF ﬀtNfPﬃRSKUTWVf\B#i]KUR]F
K˘0(Z˘0) = 0
KUV
S˘,
Z˘03
∣∣
T=0
= 0,
∂T Z˘
0
3
∣∣
T=0
= 0
P^V
_

M(ζ0) = g0
KMV
S0,
ζ0r
∣∣
∂S0
= c0r − Z˘0T
∣∣
T=0
,
ζ0s
∣∣
∂S0
= c0s − Z˘0s
∣∣
T=0
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Z˘0 = 0
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k = 1
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Z˘0 = 0
K˘0(Z˘1/2) = G˘1/2
KUV
S˘,
Z˘
1/2
3
∣∣
T=0
= c03 − ζ03
∣∣
∂S
,
∂T Z˘
1/2
3
∣∣
T=0
= 0,
PZV
_

M(ζ1/2) = g1/2
KMV
S0,
ζ
1/2
r
∣∣
∂S0
= c
1/2
r − Z˘1/2T
∣∣
T=0
,
ζ
1/2
s
∣∣
∂S0
= c
1/2
s − Z˘1/2s
∣∣
T=0
.
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²±F
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k
KM\P^V)KUVtRSF/~ZFbibﬃ\]NfepA$RSAfPﬃRR]AfFF ﬀWN8PﬃR]KMTZV8\Gf u
 
PZV
_
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_
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_
Fbi
k
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R]ToR]AfFm\kRSi]N8eR]Nfi]F#TZ8RSADF#TZY=F/ipPﬃRSTZip\
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TWi
` ≥ 0 P^V _ Nf\]KMVD~oR]ADF _ F>fVfKRSKUTWVcTZ8RSADFm\]YfPZe/F T(R+) WFX\]F/F
R]AfP^R;R]ADFmi]KM~ZAtRa AfPZV
_
\aK
_
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C∞
(
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)
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KMV RSADF\]YfPZe/F
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(
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)

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_
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p V¥RSADF)Yfi]FbtKMTZN8\XYDiSTLT^k=R]ADFﬀPZe
RRSAfPﬃR
Z˘0 = 0
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R]AfP^R
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−1/2
3 = 0
PZV
_
Z0α = 0

@BADF0>fip\kR#y=TZNDV
_
P^iS`OMP`WF/iR]Fbi]E KM\#AfF/Vfe/F
Z0 = (0, Z03 )
;@BAtN8\BFoAfPWF
ζ[ε1/2] = ζ0 +
∑
k≥1
εk/2ζk/2
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_
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∑
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εk/2Zk/2.
G8Ad{
 
243Z25
 
		ﬁﬀﬂ	ﬃﬀ !" #$ﬁ%	'&ﬂ"(	 AbF

"      ﬂ    $  ./
 	ﬃ 
.!

   
Ł F2\aR]N _ ` VDTﬃ
6
~ZF/VfF/iSKMece/PW\aFd\mEF/VtRSKUTWVDF _ KUV"@P^yDOMFjA)TZixRSADFcTZiSEPZO\aFbi]KMFb\xiSKU~WAWR] A8P^V _ \]K _ Fb\xKMV RSADF
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TZiSEPZO±\aFbi]KMFb\
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ζ[ε1/2],Z[ε1/2]
)
KM\BVDTZR#R]ADF\SP^EF$PZ\$GfBAb{
 

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TZV8\aK _ F/ii]KM~ZAtR] AfPZV _ \]K _ Fd\;TWi]E2PZO8\]F/iSKUFd\;T^RSADFTZiSE
g[ε1/2] = g0

G[ε1/2] = G0
P^V _
c[ε1/2] = c0 = (c0r , c
0
s, c
0
3, c
0
n)
PZV _ F)\aR]N _ `\]Nfe/e/Fb\S\aKMZFbOU`R]AfFcebPZ\]Fb\
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LKUFbF _ PZ\PTWi]E2PZOB\]F/iSKMFb\)KUV
ε1/2
P^V _ FNf\]F\]KUEKMOMPZi
VDT^RpPﬃR]KMTZV8\TZiBR]AfFoTZiSEPZO±\aFbi]KMFb\TZRSADF$YfP^ipP^~WiSPZYDA[


	`X`XOﬂQ OMPVGNPL<KZ`M²F
R
ζ[ε1/2] =
∑
k≥0 ε
k/2ζk/2
y=FxPTZiSEPZO8\]F/iSKUFd\;#KUR]Ae
TLF@e
KMF/VtRp\¤KMV
Σ(S0)

Ł Fe/TZVf\]K _ F/iBR]AfFxF ﬀtNfPﬃRSKUTWV ¢\aFbF AZ |A
 k 
A[ε1/2] ζ[ε1/2] = G[ε1/2] f [ε1/2]
¢uDBA
 
#ADKMepAEFbPZVf\
∀n ≥ 0,
n∑
`=0
A`/2ζ(n−`)/2 =
n∑
`=0
G`/2f (n−`)/2,
#ADF/iSF
A`/2 = 0
#ADFbV
`
KQ\#T _D_ 
p V TWi
_
FbiXRST
_
F>fVDF)R]ADFcFﬀtNfP^R]KMTZVf\xPZe
R]KMVD~ TWV z#'y=TZNDV
_
P^iS`OMP`WF/iXRSF/iSE2\/FﬀE2P^¡WFRSADFcepA8P^VD~WFﬀT^
PZi]KQP^yfOUF
(r, s) 7→ (T, s) #KRSA T = ε−1/2r KMVR]ADF TZiSE2P^O\]F/iSKMFb\ A[ε1/2] {p Ve
TLTZi _ KMVfPﬃRSFb\ (T, s) R]AfF
TZY=F/ipPﬃR]TWiS\
Ak
epAfP^Vf~ZF2RST¥TZY=F/ipPﬃRSTZip\
_
F/Y=F/V
_
KUVf~ TZV
ε
KMVR]AfF ﬃP^iSKMPZyDOMF
(T, s)

Ł
F
_
F>fVDF
A
(k)(ε)
R]AfF
TZY=F/ipPﬃR]TWi#PZeRSKUVf~cTWV
S˘
yL`2RSADF$FﬀtNfP^R]KMTZV
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
T^RSFﬀRSAfPﬃRxR]AfFb\]F)TWY8FbiSP^R]TZip\me/TZVtRSPZKUV8\mVDFb~WP^R]KMZFY=TﬃFbiS\T^
ε1/2

_
FbY8FbV
_
KMVD~TZVRSADF
_
F/~Wi]FbFﬀT^
Ak
$@BADF
@P`LOMTZi;F/gLY8P^Vf\]KUTWVf\;TZR]ADFxe
TLF@e/KUFbVWRp\¤TZR]ADFd\aFTZY=F/ipPﬃRSTZip\KUV
T = 0
`LKUFbO
_
TWi]E2PZO=\]F/iSKUFd\
A
(k)[ε1/2]
#KUR]A
TZY=F/ipPﬃR]TWi#e
TLF@e
KMF/VtRp\BKUVﬃP^iSKMPZyDOMFb\
(T, s)

Ł
FoRSADF/VAfPWFmRSADFoTZOMOMTﬃ#KUVD~iSFb\]NDOURhH
¤©
    

&

=ﬀ ?ﬂﬂ	ﬁﬀ	4"
T = 0
ﬀ'ﬃ4"&ﬂ?ﬀh ﬁﬂ	ﬀ ﬃ%<&?ﬀ : ﬀ 	
A
(k)(ε)
n  l	
ﬀﬂ : ﬀ 	
A
k,`/2  $"go ﬀ S˘ 
ﬀ(=#ﬀi%ﬁ 	!"
T 
	ﬂ&<&
∀ k ≥ 0 A(k)[ε1/2] =
∑
`≥−(k+2)
ε`/2Ak,`/2.
¢uD z
 

&ﬂ ﬂ$ﬁﬀ
A[ε1/2] :=
∑
k≥0
εkA(k)[ε1/2]
¢uD |
 
"&ﬂqn  #	2}ﬃﬀ iX	 ﬁ	
A[ε1/2] :=
∑
n≥−2
εn/2An/2


"<&
A
n/2 =
n+2∑
k=0
A
k,(n−2k)/2.
¢uD G
 


­­ 

@BADF¥FﬀtNfP^R]KMTZV uf z
 
KM\Pe
TWVf\aF ﬀtNDF/Vfe/FT^oR]AfF¥Fb\aR]KME2PﬃR]F T^xR]ADF
_
F/iSKUﬃPﬃRSKUWFTZi
_
F/ip\T^oRSADF
TZY=F/ipPﬃR]TWiS\
Ak
\]F/FFﬀtNfPﬃRSKUTWV.G8 zWs
 
TZ2RAs\T
 
H@BADFe/TZEY=TZVDFbVWRp\TZ#R]ADFTZY=F/ipPﬃR]TWiS\
Ak
P^iSF PﬃRcETW\aR)T^
_
F/~Wi]FbF
k + 2

@BADFﬀPWeRR]AfP^R¢uD |
 
KMV
_
FbF
_+_
F>fVfFb\xP2TZiSE2P^O\aFbi]KMFb\mKM\mR]AfF/V FdPZ\]KUOM`\aFbF/V¥yL`K
_
F/VtR]KU`LKUVf~ RSADF)Y=TﬃF/ip\XT^
ε1/2
KUV¢uD |
 

@BADF;TWi]E2PZOt\]F/iSKUFd\
A[ε1/2]
e/TZiSi]Fd\aY=TZV
_
\?R]TmR]ADFR]AfF;TZiSE2P^OL\aFbi]KMFb\
K[ε1/2]
TWi±R]AfFTZKUR]FbiET
_
F/O 
Ł
F
R]ALNf\±e/TZVf\]K
_
F/iRSADFYDiSTZyDOMF/EH±KUV
_
PTZiSEPZOZ\]F/iSKUFd\
Z[ε1/2]
#KUR]Ae
TLF@2e/KUFbVtRS\KMVoR]ADF;\]YfPWe
F
C∞
(
∂S0,T(R
+)
)
\aNfepAR]A8PﬃR
A[ε1/2] Z[ε1/2] = 0.
uf s
 
MŁ
zZz  MIﬀ
lm\ﬀTZi$RSADFTZKUR]FbiET _ F/O FE2P^¡WF P¥epAfPZVD~ZF2TZ#NDVD¡LVDTﬃ#VKMV TZi _ F/ioRST TWy[RSPZKUV PVfF/ TZiSE2P^O\]F/iSKMFb\
YDi]TWyDOMF/E #KUR]A P+TZiSEPZO#\aFbi]KMFb\cTZY=F/ipPﬃRSTZicAfPLKUVf~ PZOUOBKURS\4>fip\kRe/TZEY8TWVDF/VtRp\)VfTZV &/F/iSTﬂH Ł F _ F>fVDFRSADF
TZiSEPZO±\aFbi]KMFb\
A˘[ε1/2]
yL`2R]AfF$FﬀtNfPﬃRSKUTWV ¢\aFbF2|DBAb{
 k 
A˘[ε1/2] Z˘[ε1/2] =
(
εAσ [ε1/2] Z[ε1/2] , ε1/2A3[ε1/2] Z[ε1/2]
)
.
¢uD u
 
#ADF/iSF
Z˘[ε1/2]
PZV _
Z[ε1/2]
PZi]FOUKMVD¡WF _ yL`2|f a
 
@BADFYDi]TWyDOMF/E uf s
 
KQ\ADF/Vfe/FF ﬀtNDKUﬃPZOUFbVWRR]TR]AfFYDiSTZyfOUFbE
A˘[ε1/2] Z˘[ε1/2] = 0.
uf F
 
 Tﬃ FoAfPZFIH
  ­¤­  ­   

&ﬂ ﬀﬂ  ﬀ 
A˘0

	}"&ﬂ8	i6 b	}<& ﬀ : ﬀ 
K˘0
nI s#n%"¢|DBAdz
   
2ﬂ $ﬁB 
"&ﬂ%ﬀ : ﬀ 
A˘0
	$
	 z	

&ﬂﬀ :i |D z

  ­­   @BADF.>fip\aR#R]F/iSE2\BT^R]ADFoTWi]E2P^O±\]F/iSKMFb\
A[ε]
#i]KUR]F
A[ε] = ε−1A−1 + ε−1/2A−1/2 + A0 + · · · ,
#KRSA±DNf\]KUVf~)RSADFoPZe
R#R]AfP^R
A1 = 0

A
−1 = A0,−1, A−1/2 = A0,−1/2
P^V
_
A
0 = A0,0 + A2,−2.
¢uD a
 
lm\
A0
KM\R]ADFEcFbEﬀyDipP^VfFTZY=F/ipPﬃR]TWibbFA8PZFR]A8PﬃR
A
0,−1 = K−1
~ZKMZFbVoKUV ¢|D u
 
ILKMEcKMOQP^iSOU`W/RSADF;RSiSPZVf\aWF/ip\aF
e
TZEY=TZVDFbVtR A0,−1/23
KQ\BR]ADF\SP^EF$PZ\ K−1/23
~ZKMZFbVyL` ¢|D(F
 

¯
TZiSF/TﬃWF/idZiSTZE RSADF$F
g[YDiSFb\S\]KUTWV T^
A2
\]F/F , ﬀtNfP^R]KMTZVG8 |tz
 
T^xRAs\T
 
FoAfPWF
A2,−23 (Z) =
1
3
(λ˜ + 2µ) ∂TTTTZ3.
¢uD r
 
§m\]KUVD~¢uD u
 
fFxR]AfF/Ve
TWEcYfN[R]F
_
KMiSFbeRSOU`R]ADF$F/gLYfi]Fd\]\]KUTWV TZ
A˘
0
#AfKMepAKM\XFﬀtNfP^O?RST
K˘
0


"
	 KZX`X[lVMQ lKM`M[ML
NPL<KM`Z p 
ζ[ε1/2] =
∑
k≥0 ε
k/2ζk/2
KM\;PTWi]E2P^OD\]F/iSKMFb\#KUR]A2e
TLF@e/KUFbVWRp\KUVcRSADF
\aYfPWe
F
Σ(S0)
fFebP^Ve
TZV8\aK
_
F/iRSADFoTZiSE2P^O±\]F/iSKUFd\x¢\aFbF AW |ﬂA
 k 
d[ε1/2] ζ[ε1/2] =
∑
n≥0
εn/2
( n∑
`=0
d`/2ζ(n−`)/2
)
,
ufAd{
 
#KRSAe/TLF@e
KMF/VtRS\BKMVR]ADF\]YfPWe
F
C∞(∂S0)4

Ł
KRSA¥RSADFTWi]E2P^O\]F/iSKUFd\
d[ε1/2]
KQ\xPZ\S\aT[e
KQPﬃRSF
_
PTWi]E2PZO\]F/iSKUFd\
D[ε1/2]
#KUR]A TWY8FbiSP^R]TWime
TLF@e/KUFbVWRp\
TZV
S0
\]NfepA R]AfP^R
d[ε1/2]z =
(
D[ε1/2]z
) ∣∣
∂S0
TWiP^OMO
z ∈ Σ(S0) \]F/F2h¤i]TWY8Tt\aKUR]KMTZVs[ G¥P^V _ , ﬀtNfP^R]KMTZV
uDBA
 
TZxRBAds\T
 
;l\#y=F
TZiSFoF
_
F>fVDFoRSADF$TZY=F/ipPﬃRSTZip\
D
(k)(ε)
TWV
S˘ := R+ × ∂S0 yt`
∀ k ≥ 0 D(k)(ε)(T, s; ∂T , ∂s) := Dk(ε1/2T, s; ε−1/2∂T , ∂s).
lm\#KMV²±F/EE2PuDBAZ[FoAfPZFR]ADF$F/g[YfP^Vf\]KMTZV
∀k ≥ 0, D(k)[ε1/2] =
∑
`≥−(k+1)
ε`/2Dk,`/2.
ufAIA
 
rXF/V8e
F$FoebP^V
_
F>8VDFoR]ADFoTWi]E2PZO±\aFbi]KMFb\
D[ε1/2] =
∑
k≥0
εkD(k)[ε1/2] =
∑
k≥−1
εn/2Dn/2
#KRSA
D
n/2 =
n+1∑
k=0
D
k,(n−2k)/2.
243Z25
 
		ﬁﬀﬂ	ﬃﬀ !" #$ﬁ%	'&ﬂ"(	 z^|
@BADFoTZiSE2P^O\]F/iSKUFd\
d[ε1/2] =
∑
k≥−1 ε
k/2dk/2
#KUR]ATZY=F/ipPﬃRSTZip\#e
TLF@e
KMF/VtRp\
dk/2 : Σ(S˘) → C∞(∂S0)4 
KM\BRSADF/V _ F>fVDF _ yL`
d[ε1/2] Z =
(
D[ε1/2] Z
) ∣∣
T=0
,
TZi
Z ∈ Σ(S˘)  p VR]AfF TWOUOMTﬃ#KUVf~+F#iSKUR]F dk/2 = (dk/2T , dk/2s , dk/23 , dk/2n ) R]AfFe/TZEY=TZVDFbVWRp\cT^XRSADF
TZY=F/ipPﬃR]TWiS\
dk/2

Ł F)AfPZF
D0z = (zr, zs, z3, ∂rz3)
§\aKMVD~2RSADFcTZi _ F/ip\#T^ _ Fbi]KMﬃPﬃRSKUWFT^RSADFﬀTWY8FbiSP^R]TZip\
Dk
?Fﬀ\]F/F
R]AfP^R#R]ADFoTWi]E2P^O±\]F/iSKMFb\
d[ε1/2]
#iSKUR]Fb\
d[ε1/2] = ε−1/2d−1/2 + d0 + · · · ,
#KRSA
d−1/2Z = (0, 0, 0, ∂TZ3)
∣∣
T=0
PZV _
d0Z =
(
Zr, Zs, Z3, d
0
n(Z)
) ∣∣
T=0
.
ufAz
 
@BADFoTZiSE2P^O±\]F/iSKUFd\y8TWNDV _ PZi]`F ﬀtNfPﬃRSKUTWV9>fV8P^OMOU`#iSKUR]Fb\hH
d[ε1/2] ζ[ε1/2] + d[ε1/2] Z[ε1/2] = h[ε1/2] f [ε1/2].
ufAd|
 
p VTZi
_
F/iR]T2TWy[RSPZKUVFﬀtNfP^R]KMTZVf\TWV
Z˘[ε1/2]
DF
_
F>8VDFoR]ADFxTWi]E2P^O±\]F/iSKMFb\
D˘[ε1/2]
P^V
_
d˘[ε1/2]
yL`
D˘[ε1/2] Z˘[ε1/2] := D[ε1/2] Z[ε1/2],
PZV
_
d˘[ε1/2] Z˘ =
(
D˘[ε1/2] Z˘
) ∣∣
T=0
.
ufAbG
 
§m\]KUVD~cRSADF$FﬀtNfP^R]KMTZVf\$¢|D r
 
[Fe
TWEYDN[R]FxRSAfPﬃRXFoAfPZF
d˘[ε1/2] =
∑
k≥−2
εk/2d˘k/2 = ε−1d˘−1 + ε−1/2d˘−1/2 + d˘0 + · · · ,
#KRSA
d˘−1n Z˘ = ∂T Z˘3
∣∣
T=0

d˘−13 Z˘ = 0
PZV
_
d˘
−1/2
3 Z˘ = Z˘3
∣∣
T=0

¯
TZiSF/TﬃWF/i¤F$AfPWF
d˘−1T Z˘ = d˘
−1
s Z˘ = d˘
−1/2
T Z˘ = d˘
−1/2
s Z˘ = 0, d˘
0
T Z˘ = Z˘T
∣∣
T=0
PZV
_
d˘0sZ˘ = Z˘s
∣∣
T=0
.
$xi]TWNDYDKMVD~R]TW~ZF/R]ADFbioR]ADFF ﬀtNfPﬃRSKUTWVf\ufA
 
Buf s
 
P^V
_
ufAd|
 
F
_
F>8VDF2R]AfFYDiSTZyDOMF/EHﬀKMV
_
PTZi]
EPZOﬀ\]F/iSKUFd\
ζ[ε1/2] =
∑
k≥0 ε
k/2ζk/2
#KRSA e
TLF@e/KUFbVWRp\KMV
Σ(S0)
P^V
_
PTZiSE2P^Oﬀ\]F/iSKUFd\
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c0 = 0
y=Fbe/PZNf\]F
h0
KM\R]ADF &bF/iSTXTZY=F/ipPﬃRSTZi
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@BADF$OMPW\kR#F ﬀWN8PﬃR]KMTZVT^BufAs
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k ≥ −2 
k∑
`=0
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∣∣
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∣∣
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∣∣
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(k+2)/2
3
∣∣
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(`−2)/2
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∣∣
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∣∣
T=0
−∑k`=1 d˘`/2s (Z˘(k−`)/2),
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_
|f z P^V
_
R]ADFoPWeR#R]A8PﬃR
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K[ε1/2] ζ′[ε1/2] = G0 f [ε1/2],
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∑
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c[ε1/2] = h[ε1/2] f [ε1/2].
Ł
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Ł
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∑
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\aTWOUN[RSKUTWVf\cP¥RSADF|#!TZiSE2P^OB\aFbi]KMFb\)FﬀtNfP^R]KMTZVf\)KUVR]AfFe/TZiSi]Fd\aY=TZV
_
KUVD~+e
TLTZi
_
KMVfPﬃRSFb\b;P^V
_
\]P^R]KQ\k`LKMVD~¥RSADF
y8TWNDV
_
PZi]` e/TZV
_
KRSKUTWVXH
v[ε1/2]
∣∣
Γ0
+ W [ε1/2]
∣∣
T=0
+ Φ[ε1/2]
∣∣
R=0
= 0.
@BADFb\]F2RSADi]FbF2TZiSE2P^O¤\]F/iSKMFb\PZi]Fe/TZVf\aR]iSNfeRSF
_
Nf\]KUVf~R]ADFTZiSEPZO¤\]F/iSKUFd\$i]F
_
Nfe
R]KMTZVT^0RBAdsbT P^V
_
RSADF
TZiSEPZO\]F/iSKMFb\TZy[RpP^KMVDF
_
yL`¥@BADFbTZiSF/E uD |Do@T RSADKM\oPZKUE?F
_
F>fVDF)R]ADFPZe
R]KMTZV¥TZ;R]ADFcTZY=F/ipPﬃRSTZimTZiSEPZO
\aFbi]KMFb\
V[ε1/2]
P^V
_
Ψ[ε1/2]
\]F/Fo@BADF/TWi]FbEﬂs[ |$T^sRBAdsbT
 
TZV R]ADF$z # y8TWNDV
_
PZi]`OQP`ZFbi;TZiSE2P^O?\aFbi]KMFb\bWRSP^¡LKMVD~
PZOUNfFb\KUV
C∞
(
I × ∂S0,T(R+)
)
oDiSTZE VDTﬃ TWV±
ζ[ε1/2]
P^V
_
Z[ε1/2]
P^iSFR]AfFTZiSE2P^O\aFbi]KMFb\m~ZKMZFbV¥yL`
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v[ε1/2]
 Ł F _ F>fVDFxR]ADFoTWi]E2PZO±\aFbi]KMFb\
v[ε1/2] = V[ε1/2] ζ[ε1/2] + Q[ε1/2] f [ε1/2],
#KRSAe/TLF@e
KMF/VtRS\BKMVR]ADF\]YfPWe
F
C∞
(
I,Σ(S0)
)
;l\
ζ[ε1/2]
KM\#\]TZOMN[RSKUTWVTZRSADF$FﬀtNfP^R]KMTZV
A[ε1/2] ζ[ε1/2] = G[ε1/2] f [ε1/2],
FoFbPW\aKMOM` \aFbFoNf\aKMVD~ AW zgF
 
R]A8PﬃRXFxA8PZF
L[ε1/2] v[ε1/2] = −f [ε1/2] P^V _ T[ε1/2] v[ε1/2] = 0.
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W [ε1/2]
 p V$TZi _ F/iRST _ F>fVDFRSADFTZiSE2P^Ot\aFbi]KMFb\
W [ε1/2]
FE2PZ¡ZFR]AfFepAfPZVD~ZF
T^ﬃPZi]KQP^yDOMFxKUVR]AfFxTWY8FbiSP^R]TWi¤TWi]E2P^O±\]F/iSKMFb\
V[ε1/2]
;n#FbebP^OMO?R]AfP^RBR]ADF$TWY8FbiSP^R]TZip\
Vk/2
ﬃP^VDKQ\]AKU
k
KM\BT _D_ 
p F _ F/VDTZR]F2yL`
Vk(r, s,X3; ∂r, ∂s)
R]ADF2TWY8FbiSP^R]TWi
Vk
Y=TZOM`LVDTZEKQP^OKMV
X3
KMV+RSADFe
TLTWi _ KMVfP^R]F2\a`[\aR]FbE
(r, s,X3)
[RSADF/VF\aF/RBTZiXP^OMO
k ≥ 0 
V
(k)(ε)Z = Vk(ε1/2T, s,X3; ε
−1/2∂T , ∂s)(Z),
#ADF/iSF
Z
KQ\PqA/¢TWi]E >8F/O
_
TZV R]ADF EPZVDKUTZO
_
S˘
lm\KUV ²F/EE2PuDBA)RSADF e/TZiSi]Fd\aY=TZV
_
KUVD~TZiSE2P^O¤\]F/iSKMFb\
V
(k)[ε1/2]
TWy[RSPZKUVDF
_
yL` @P`LOUTWiBF
g[YfP^V8\aKMTZVKUV
T = 0
T^R]ADFe/TLF@e
KMF/VtRS\B#iSKUR]F
V
(k)[ε1/2] =
∑
`≥−k
ε`/2Vk,`/2,
 FLBA
 
#ADF/iSFmRSADFoTZY=F/ipPﬃRSTZip\
V
k,`/2 PZi]FY8TWOU`LVDTWEKMPZO=KMV T
P^V
_
X3
P^V
_
PZe
RBTWV
Σ(S˘)
\]F/FRAs\T
 

Ł
F
_
F>fVDFxRSADF
TZiSEPZO±\aFbi]KMFb\
V [ε1/2]
yL`RSADF$FﬀtNfP^R]KMTZV
V [ε1/2] :=
∑
k≥0
εkV(k)[ε1/2] =
∑
n≥0
εn/2Vn/2,
#KUR]A
V
n/2 =
n∑
k=0
V
k,(n−2k)/2.
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_
F>fVfKRSKUTWVTZ±R]ADF\]YfPWe
F
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F$\]F/FR]AfP^RBR]ADFxTZiSE2P^O\]F/iSKUFd\
V [ε1/2]
AfPW\TZY=F/ipPﬃR]TWie/TLF@
e
KMF/VtRS\
V
n/2 : C∞
(
∂S0,T(R
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)→ C∞(I × ∂S0,T(R+))
Y8TWOU`LVDTWEcKQP^OKMV
T
PZV
_
X3

Ł
F$A8PZF
V
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
Ł
F$VDTﬃ
_
F>8VDFoR]ADFoTWi]E2PZO±\aFbi]KMFb\
W [ε1/2] := V [ε1/2] Z[ε1/2],
#KRSAe/TLF@e
KMF/VtRS\BKMVR]ADF\]YfPWe
F
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(
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)


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Φ[ε1/2]
n#Fde/PZOUOfR]AfP^RB@BADFbTZiSF/E s[ |$KMV{RAs\T?`tKMF/O
_
\¤R]ADFF
g[KQ\kRSF/Vfe/FmT^P$TZiSEPZO
\aFbi]KMFb\
Ψ[ε]
E2PZYDYDKMVD~
Σ(S0)
R]TRSADF\aY8PZe
FxT^R]Afi]FbF

_
KUEFbVf\aKMTZV8P^O?y8TWNDV
_
PZi]` OMP`WF/ip\
C∞
(
∂S0,H(Σ
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)

Ł
F.>fip\aRVDTZR]FR]AfP^RBFebP^Ve
TZV8\aK
_
F/iR]AfFmTWi]E2P^O\]F/iSKUFd\
Ψ[ε1/2]ζ[ε1/2]
#KRSA y=TZNDV
_
P^iS`2OMP`WF/ie/TLF@
e
KMF/VtRS\b
Ł
F$VfTﬃ
_
F>fVDFxR]ADFPWeRSKUTWVTZRSADFoTZiSE2P^O±\]F/iSKUFd\
Ψ[ε1/2]
TZVR]ADFoTWi]E2PZO?\]F/iSKMFb\
Z[ε1/2]

@BADFxTZiSE2P^O\aFbi]KMFb\
Ψ[ε1/2]
e/TZVtRSPZKUVf\TWVDOU`RSF/iSE2\BKUVF/WF/V Y=TﬃF/ip\¤TZ
ε1/2
P^V
_
FA8PZF\]F/Fxh;i]TWY8TZ
\aKUR]KMTZV¥s[ GcKUVqRBAds\T
 
∀ k ≥ 0, Ψkz =
∑
j∈Fk
(P kj z)
∣∣
∂S0
ϕk,j
MŁ
za  MIﬀ
#ADF/iSF
Fk
KQ\XP4>fVDKUR]F)\aNDy8\aF/RXT^
N
@BADFe/TtF@e
KMF/VtRS\
ϕk,j(R, s, x3)
P^iSFoKUVRSADF\aY8PZe
F
C∞
(
∂S0,H(Σ
+)
)
P^V _ RSADFcTZY=F/ipPﬃR]TWiS\
P kj
RSPZ¡ZF)PZOUNfFb\KUV
C∞(S0)
PZV _ P^iSFTZ¤TZi _ F/ixPﬃRxEcTt\kR
k
KMV
∂r
olm\xKMV¥RSADF)OMF/EE2P
uDBAZ[F _ F>fVDFoTWiXP^OMO
Z ∈ Σ(S˘) 
P(k)j (ε)Z = P kj (ε1/2T, s; ε−1/2∂T , ∂s)(Z),
P^V _ RSADFPW\]\]T[e
KQPﬃRSF _ TZiSE2P^O=\aFbi]KMFb\ P(k)j [ε1/2]
PﬃRSF/iF
g[YfP^V8\aKMTZV2TZR]ADFxe
TLF@e
KMF/VtRp\¤P^iSTZNfV _
T = 0
lm\
P kj
KM\#TZTWi _ Fbi
k
KMV
∂r
F$e/PZV _ F>fVDFxRSADFoTZiSE2P^O±\]F/iSKUFd\
ψ[ε1/2]
#KUR]ATZY=F/ipPﬃRSTZi#e
TLF@2e/KUFbVtRS\
ψk/2 : C∞
(
∂S0,T(R
+)
)→ C∞(∂S0,H(Σ+)),
yt`R]ADF$F ﬀWN8PﬃR]KMTZV"iSFbebP^OMO?R]AfP^R#R]ADF
Fk
P^iSF}>8VDKRSF\aF/RS\
 
ψ[ε1/2]Z =
∑
k≥0
εk
∑
j∈Fk
(P(k)j [ε1/2]Z) ∣∣T=0 ϕk,j
=
∑
n≥0
εn/2
n∑
k=0
∑
j∈Fk
(Pk,(`−2k)/2j Z) ∣∣T=0 ϕk,(`−2k)/2.
Ł
FoRSADF/V
_
F>fVDFoRSADFoTZiSE2P^O±\]F/iSKUFd\
Φ[ε1/2]
#KRSAe/TLF@e
KMF/VtRS\BKMV
C∞
(
∂S0,H(Σ
+)
)
yL`
Φ[ε1/2] := Ψ[ε1/2] ζ[ε1/2] + Θ[ε1/2] f [ε1/2] + ψ[ε1/2] Z[ε1/2].
#ADF/iSF
Θ[ε]
KM\#R]ADFoTWi]E2P^O\]F/iSKUFd\B~ZKMZFbVyL` @BADFbTZiSF/E!sD |)T^ RBAds\T 
 
# 
	 ﬀﬁ
ﬃﬂ %"	ﬂ  	ﬃ -  .ﬀﬁ
p VRSADFe
TLTWi
_
KMVfP^R]Fo\a`[\aR]F/E
(T, s,X3)
fF
_
F>fVDFoR]AfF$TZY=F/ipPﬃR]TWi
(
L(ε),T (ε)
)
yL`lH
{
L(ε)(T, s,X3; ∂T , ∂s, ∂X3) := L(ε
1/2T, s, εX3; ε
−1/2∂T , ∂s, ε−1∂X3 )
P^V
_
T (ε)(T, s,X3; ∂T , ∂s, ∂X3) := T(ε
1/2T, s, εX3; ε
−1/2∂T , ∂s, ε−1∂X3).
 FL |
 
#ADF/iSF
(
L,T
)
KM\R]ADF | #ﬂFbOMPW\kRSKMe/KRk`+TZY=F/ipPﬃR]TWi$TZV
Ωε

Ł
FR]AfF/V
_
F>fVDF2RSADF2RkT¥e
TZiSiSFb\]Y8TWV
_
KMVD~TZiSEPZO
\aFbi]KMFb\
(
L[ε1/2],T [ε1/2]
)
KMV Y=TﬃFbiS\XT^
ε1/2
yL`F/g[YfP^V
_
KUVD~R]ADFe
TLF@e/KUFbVWRp\mTZR]ADKQ\TZY=F/ipPﬃR]TWimKMV
T = 0
P^V
_
X3 = 0
p RXKQ\#e
OMFbPZiBR]AfP^R#F$AfPWFTWY8FbiSP^R]TWiS\T^TZi
_
F/i
2
[Y8TWOU`LVDTWEcKQP^OKMV
T
PZV
_
X3
L
k/2 : C∞
(
I × ∂S0,T(R+)
)→ C∞(I × ∂S0,T(R+)),
P^V
_
T
k/2 : C∞
(
I × ∂S0,T(R+)
)→ C∞(∂S0,T(R+)),
\aNfepAR]A8PﬃR
L[ε1/2] = ε−2
∑
k≥0
εk/2Lk/2
PZV
_
T [ε1/2] = ε−2
∑
k≥0
εk/2T k/2.
p VﬀRSADFB\]PZEcFBP`ZR]AfFepAfPZVD~ZFT^8PZi]KQP^yfOUF
(r, s, x3) 7→ (R, s, ,X3) #ADFbi]F R = ε−1r KMV)R]ADFTZY=F/ipPﬃRSTZi
(L,T)
`tKMF/O
_
\TWi]E2P^O±\]F/iSKMFb\
(
L [ε],T [ε]
)
\]F/FoRSADF$FﬀtNfP^R]KMTZV"¢sD s
 
KMVqRAs\T
 

Ł
F;R]ALNf\AfPWFR]ADF¤|#e/TZNDYfOUFd\T^tTZiSE2P^OZ\]F/iSKUFd\H
(
L[ε1/2],T[ε1/2]
)

(
L[ε1/2],T [ε1/2]
)
P^V
_
(
L [ε1/2],T [ε1/2]
)
e
TZiSiSFb\]Y8TWV
_
KMVD~R]TRSADFF
g[YfPZVf\]KUTWV KMVY=TﬃFbiS\$TZ
ε1/2
T^BRSADFTZY=F/ipPﬃRSTZi
(
L,T
)
KMV"R]ADF2RSADiSF/F e/TtTWi
_
KUVfP^R]F
\a`[\aR]F/E2\#PW\]\]T[e
KQPﬃR]F
_
#KUR]AR]AfFoR]ADiSF/F$¡LKMV
_
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)
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v[ε1/2]
∣∣
Γ0
+ W [ε1/2]
∣∣
T=0
+ Φ[ε1/2]
∣∣
R=0
= 0.
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@BADFoF ﬀWN8PﬃR]KMTZV"$F[ G
 
KM\#e/OUFdP^iSOU`\SPﬃRSKM\'>fF
_

@BADFxTZiSEPZO=\]F/iSKMFb\
Z[ε1/2]
\]P^R]KQ\ >8Fb\R]ADFoF ﬀWN8PﬃR]KMTZV uf s
 
;£N[R#yt`
_
F>fVDKUR]KMTZVLR]ADFxTZiSE2P^O\]F/iSKUFd\
A[ε]
PZV
_
V[ε]
\]P^R]KQ\k` RSADF9>8iS\aR)~Wi]TWNDYT^mF ﬀtNfPﬃRSKUTWVf\KMV 'AZ zIF
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_
TWKUVD~ R]ADFepAfPZVD~ZFTZmﬃP^iSKMPZyDOMF
(r, s, x3) 7→
(T, s,X3)
PZV
_
yL`F/gLY8P^V
_
KMVD~RSADF)e/TtF@e
KMF/VtRS\#KMV
T = 0
PZV
_
X3 = 0
fFﬀ\aFbF$R]A8PﬃRXTWiP^OMO A/¢TWi]E >fF/O
_
Z
TWV RSADF$E2P^VDKUTZO
_
S˘
DFoAfPWF
L[ε1/2] V [ε1/2]Z = −I ◦A[ε1/2]Z P^V _ T [ε1/2] V [ε1/2]Z = 0,
P^V
_
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Nf\]KUVf~)RSADF$iSF/OQPﬃR]KMTZV
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P^V
_
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PZV
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T^ RAs\T
 
 { (
L [ε],T [ε]
)
Ψ[ε] = 0,(
Ψ[ε]− d[ε]) ∣∣
R=0
+ V[ε]
∣∣
Γ0
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P^V
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L [ε],T [ε]
)
Θ[ε] = 0,(
Θ[ε] + h[ε]
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R=0
+ Q[ε]
∣∣
Γ0
= 0,
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KM\oP TZiSE2P^O\aFbi]KMFb\#KRSA+TWY8FbiSP^R]TWie
TLF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_
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P^V
_
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h[ε]

£`
_
TZKMVD~R]ADF2epAfPZVD~ZF)T^ﬃPZi]KQP^yDOMF
(r, s) 7→ (T, s) KMV+R]ADF2F ﬀWN8PﬃR]KMTZV¦$F[ a   P^V _ Nf\]KUVf~ RSADF _ F>fVfKRSKUTWV TZ
R]ADF$TWY8FbiSP^R]TZiTWi]E2P^O±\]F/iSKMFb\
ψ[ε1/2]
DF.>fV
_
R]AfP^RhH{ (
L [ε1/2],T [ε1/2]
)
ψ[ε1/2] = 0,(
ψ[ε1/2]− c[ε1/2]) ∣∣
R=0
+ V [ε1/2]
∣∣
Γ0
= 0,
$F[Ad{
 
#ADF/iSFcR]ADFTWi]E2P^O;\]F/iSKMFb\
c[ε1/2]
KQ\oTZy[RpP^KMVDF
_
yL`
_
TWKUVD~RSADFepAfP^Vf~ZFcT^BPZi]KQP^yfOUF
(r, s) 7→ (T, s) KMV R]ADF
e
TLF@e
KMF/VtRp\BT^R]ADFoTWi]E2P^O\]F/iSKUFd\
d[ε]

@BADFoTZiSE2P^O±\]F/iSKUFd\
c[ε1/2]
KM\RSAtN8\#i]FbOMP^R]F
_
RSTR]ADFoTWi]E2P^O±\]F/iSKMFb\
d[ε1/2]
KMVR]ADF\SP^EFoBP`PZ\R]AfFoTZiSEPZO
\aFbi]KMFb\
d[ε1/2]
KM\BiSF/OQPﬃRSF
_
R]TRSADFoTZiSE2P^O\aFbi]KMFb\
d[ε1/2]
p VYfP^i]R]KQe
NDOQP^iRSADF$FﬀtNfP^R]KMTZVf\
d[ε1/2] ζ[ε1/2] + d[ε1/2] Z[ε1/2] = h[ε1/2] f [ε1/2],
P^V
_
d[ε1/2] ζ[ε1/2] + c[ε1/2] Z[ε1/2] = h[ε1/2] f [ε1/2],
$F[AIA
 
MŁ
|Z{  MIﬀ
P^iSFF ﬀWNfKUﬃP^OMF/VtRd@BADKQ\OQPZ\aRF ﬀtNfPﬃRSKUTWV)KQ\R]ALNf\\SPﬃRSKM\'>fF _ TZiRSADFBTZiSE2P^O[\aFbi]KMFb\
ζ[ε1/2]
P^V _
Z[ε1/2]
\]TZOMN[RSKUTWVf\
T^@BADF/TWi]FbEﬂuD |D
lXYDYDOM`LKUVf~¥R]AfF FﬀtNfP^R]KMTZV. FL a
 
RST¥R]AfFTZiSE2P^O\aFbi]KMFb\
ζ[ε1/2]
R]ADFFﬀtNfP^R]KMTZV.$F[ r
 
R]T R]ADF TZiSE2P^O\]F/iSKMFb\
f [ε1/2]
P^V _ R]ADF FﬀtNfP^R]KMTZV' FLBAb{
 
R]TR]ADF TZiSEPZOx\]F/iSKMFb\
Z[ε1/2]
xP^V _ \]NDEEKUVf~ RSADF+F/g[YDi]Fd\]\]KMTZVf\\]T
TZy[RpP^KMVDF _ [F0>fV _ (
L [ε1/2],T [ε1/2]
)
Φ[ε1/2] = 0,
P^V _ R]AfKM\#\]ADTﬃX\$$F[ u
 
¤ILKMEKUOQP^iSOU` F$TWy[RSPZKUV
Φ[ε1/2]
∣∣
R=0
+ v[ε1/2]
∣∣
Γ0
+ W [ε1/2]
∣∣
Γ0
− d[ε1/2] ζ[ε1/2] + h[ε1/2] f [ε1/2]− c[ε1/2] Z[ε1/2] = 0,
Nf\aKMVD~2RSADF _ F>fVDKUR]KMTZV T^
v[ε1/2]
P^V _
W [ε1/2]
m@BADFﬀFﬀtNfPﬃRSKUTWV $F[AIA
 
RSADF/V \]ADTﬃX\ FL(F
 
X@BADKM\F/V _ \#RSADF
YDi]TLTZT^R]AfF@BADF/TWi]FbE
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F e/TZEYfPZi]FVDTﬃ R]ADF?>fiS\aR$R]Fbi]E2\$TZRSADF2TWi]E2P^O\aFbi]KMFb\
v[ε1/2]

W [ε1/2]
P^V
_
Φ[ε1/2]
#KRSA"R]ADF?>fiS\aR
R]F/iSE2\BKUVRSADF$F
g[YfPZVf\aKMTZVT^R]ADFTZKUR]FbiBEcT
_
FbO¢


­¤­

­
    

v[ε1/2]  W [ε1/2]
ln
Φ[ε1/2]
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v[ε1/2] = ζ0 + ε1/2ζ1/2 + O(ε),  FLBAdz  
W [ε1/2] =

WT [ε
1/2] = ε1/2(Z
1/2
T −X3∂TZ03 ) +O(ε),
Ws[ε
1/2] = ε1/2Z
1/2
s +O(ε),
W3[ε
1/2] = Z03 + ε
1/2Z
1/2
3 +O(ε),
$F[Ad|
 
#n
Φ[ε1/2] = εΦ1 + O(ε3/2). $F[AbG  


ζ ′[ε1/2]
#n
Z ′[ε1/2]
k2<&2	ﬀ($ﬁﬀqﬀ ﬃ0<&zﬃﬀ i6X	 ﬁ	 l :ﬀ ki uDBAha
  
0&
ζ0 = ζ ′0, ζ1/2 = ζ ′1/2, Z0 = Z ′0, Z1/2T = Z
′
T
1/2 #n Z1/2s = Z
′
s
1/2,
k
Z
1/2
3 6= Z ′31/2
" ogl 

@BADKQ\mh;iSTZY=TW\]KUR]KMTZV¥KQ\Pe
TWVf\aF ﬀtNDF/Vfe/FT^;h¤i]TWY8Tt\aKUR]KMTZV uf GP^V
_
R]ADF)F
g[YDiSFb\S\aKMTZVTZR]ADFcTZY=F/ipPﬃRSTZip\
Vk
KUVﬃP^iSKMPZyDOMFb\
(T, s,X3)
¤ILF/FRBA/GT±TWiBNDi]R]ADFbi
_
F
RpP^KMOM\b
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Ł
Foe
TWVf\]K
_
Fbi;RSADFx\]ADKUR]F
_ _
KQ\aYfOMPWe
F/EFbVWR
wε
\]TZOMN[RSKUTWV2T^±RSADFF ﬀtNfPﬃRSKUTWVf\m'AZ zZz
 

Ł
F
_
F/VDTZR]FxyL`
w(ε)
R]ADFe/TZiSi]Fd\aY=TZV
_
KUVD~
_
KQ\aYfOMPWe
F/EFbVWR#KMV
Ω
D\aTWOUN[RSKUTWVTZRSADF$FﬀtNfP^R]KMTZVf\o¢\aFbF AZ z^|
 k 
H
(L(ε),T(ε)) w(ε) = (−f(ε), 0) KMV Ω× Γ
−
+
P^V
_
w(ε) = 0
TWV
Γ0.
aDBA
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Ł KRSAR]ADFxTZiSE2P^O±\]F/iSKUFd\ _ F>8VDF _ KMV RSADF$YDiSF/LKUTWNf\#\]FbeRSKUTWV±[Fo\]F
R#TWiXP^OMO
N ∈ N 
w[N ](ε)(x1, x2, X3) :=
N∑
k=0
εk/2
(
vk/2(x1, x2, X3) + χ(r)W
k/2(ε−1/2r, s,X3) + χ(r)Φ
k/2(ε−1r, s,X3)
)
.
aD z
 
@BADKM\ _ F>fVfFb\#P^VF/OMF/EFbVWRXTZ
H1(Ω)3
 Ł F$#iSKRSFoKR
w[N ](ε) = v[N ](ε) + χ(r)W [N ](ε) + χ(r)Φ[N ](ε),
ﬁaf |
 
#KRSAFbLK _ FbVtRXVDT^RpPﬃR]KMTZV8\/§m\]KMVD~$FL(F
 
F\aFbFxR]AfP^R
∀N ∈ N w[N ](ε)
∣∣
Γ0
= 0,
TZi
w[N ](ε) ∈ V (Ω),
#ADF/iSF
V (Ω) =
{
u ∈ H1(Ω)3 |u
∣∣
Γ0
= 0
}
KQ\#R]AfF)ﬃP^iSKQPﬃR]KMTZV8P^O\]YfPZe/FﬀPZ\S\]TLe/KMP^R]F
_
#KUR]A¥R]ADFc|# YDi]TWyDOMF/E
Ł
F\]F
R
a˜ε3D
R]ADF$yfKUOMKUVfFbP^iBTWi]E
_
F>8VDF
_
yL`R]AfFoTZiSEﬀNDOQP
a˜ε3D(w,v) :=
∫
Ωε
Aijk` e˜k`(w)e˜ij(v) dV,
ﬁaf G
 
#ADF/iSF
e˜ij(v) = eij
(
µ−1(x3)v
)
#KRSA
µ(x3)
R]ADF\aAfKRSF/i
_
F>fVfF
_
KMV  AW zA
 
"@BADKQ\ﬀyfKUOMKUVfFbP^iﬀTZiSEe
TZi]
i]Fd\aY=TZV
_
\XRST RSADFF/VDFbi]~W`"'AZBAbr
 
TZi$\]ADKUR]F
_ _
KQ\aYfOMPWe
F/EFbVWRp\/
Ł
F
_
F/VDTZR]FcyL`
a˜3D(ε)
R]ADF2e
TWi]iSFb\]Y=TZV
_
KMVD~
yDKUOMKMVDFbPZiBTZiSEﬂTZV
V (Ω)

Ł
F$A8PZFR]ADFoTWOUOMTﬃ#KUVf~TZiSV Fd\kRSKUE2P^R]F2\]F/F\]Fbe
R]KMTZVGcTZxR(FhT
 
H
∀v ∈ V (Ω), ‖v‖
H1(Ω)3
≤ ε−1C‖eij(xα, εX3; Dα, ε−1∂X3)(v)‖L2(Ω) ,
aD s
 
#ADF/iSF
C
KM\$KMV
_
FbY8FbV
_
FbVWRcTZV
ε

¯
TWi]FbTﬃZFbib?RSADFTZY=F/ipPﬃRSTZi
µ(ε)
PZe
RS\$TWV
V (Ω)
PZV
_
KQ\$KUVLWF/i]R]KMyDOUF2#KUR]A
y8TWNDV
_
F
_
KMVLZFbiS\]FKMV
ε
H
Ł
F$AfPWF
∀v ∈ H1(Ω), c‖v‖
H1(Ω)3
≤ ‖µ(ε)v‖
H1(Ω)3
≤ C‖v‖
H1(Ω)3
,
aD u
 
#ADF/iSF
c
PZV
_
C
P^iSF$e
TWVf\kRpP^VtRS\KMV
_
FbY8FbV
_
F/VtRXTWV
ε
§m\]KMVD~¥ﬁaf s
 
PZV
_
ﬁaD u
 
F.>fV
_
∀v ∈ V (Ω), ‖v‖2
H1(Ω)3
≤ ε−2C0a˜3D(ε)(v,v), ﬁaf F
 
#ADF/iSF
C0
KQ\#KMV
_
FbY8FbV
_
F/VtRXTWV
ε

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_
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‖w(ε)−w[N ](ε)‖
H1(Ω)3
≤ CεN/2−4. aD a  
Ł
F
_
TcVDTZR~WKUWFXR]AfFxYfi]TLT^T^±RSADKM\BOMF/EE2PD[PW\KURBKM\ZFbi]`e/OUTt\aFmR]T)R]ADFoYDiSTLT^±TZh;iSTZY=TW\]KRSKUTWVs[BAoP^V
_
ZF/iS`R]FdepADVDKQe/P^OX¢\aFbFjRBAb{DA/GTTZi$\]KUEKMOMPZi$e/P^OQe
NfOMP^R]KMTZVf\
 

Ł
FNf\]FﬀRSADFcTZiSEPZO\aFbi]KMFb\FﬀtNfP^R]KMTZVf\o\SPﬃR]KQ\'>fF
_
yt`R]ADFoTWi]E2P^O±\]F/iSKMFb\#P^V
_
RSADFmTWi]VKUVfFﬀtNfP^OMKURk`2R]T2e
TWVfe
OMN
_
FW
MŁ
|Wz  MIﬀ
²±F/R
v[ε1/2]

W [ε1/2]
PZV _
Φ[ε1/2]
y8FoRSADFxTZiSEPZO\aFbi]KMFb\ _ F>fVDF _ KMV RSADFoYDiSF/LKUTWNf\B\aNfyf\aFdeRSKUTWVf\/ Ł F
FbPZ\]KMOU` \]F/FxRSAfPﬃR
∀ k ≥ 0, ‖vk/2‖
H1(Ω)
≤ C .
ILKUEKMOMPZi]OM`Z[N8\aKMVD~cR]ADF$F/g[Y8TWVDF/VtR]KQP^O _ Fbe/P` T^RSADF$y=TZNDV _ P^iS`OMP`WF/iR]Fbi]E2\b[FoAfPWF
‖χW k/2‖
L2(Ω)
≤ C ε1/4,
‖χW k/2‖
H1(Ω)
≤ C ε−1/4,
P^V _
‖χΦk/2‖
L2(Ω)
≤ C ε1/2,
‖χΦk/2‖
H1(Ω)
≤ C ε−1/2,
aD r
 
#ADF/iSF RSADFe
TWVf\kRpP^VtRS\
C
PZi]FKMV _ F/Y=F/V _ F/VtR2TZV
ε
 §\aKMVD~ R]AfFYfi]FbtKMTZN8\ﬀOMF/EE2PD;F~ZF/R)RSADFTZOMOUTﬃ#KMVD~
i]Fd\aNDOURhH
 
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∀N ≥ 0, ‖w(ε)−w[N ](ε)‖
H1(Ω)3
≤ CεN/2. ﬁafAd{  


­­ 

²F
R
N ≥ 0 §\aKMVD~R]AfF$Fb\aR]KMEP^R]F2ﬁaf a   [F$~ZF/R
‖w(ε)−w[N+10](ε)‖
H1(Ω)3
≤ CεN/2+1,
#ADF/Vfe/F
‖w(ε)−w[N ](ε)‖
H1(Ω)3
≤
N+10∑
k=N+1
εk/2
(‖vk/2‖
H1(Ω)3
+ ‖χW k/2‖
H1(Ω)3
+ ‖χΦk/2‖
H1(Ω)3
)
+ CεN/2+1.
@BADF$YDiSF/LKUTWNf\Fb\aR]KME2PﬃR]Fd\BT^R]ADFoRSF/iSE2\BKUV
ε
`LKMF/O
_
\BR]AfF$i]Fd\aNDOURb
n#FbebP^OMO?R]AfP^R#R]ADF| #
_
KQ\aYfOMPWe
F/EFbVWR
u(ε)
PZV
_
R]ADF\]ADKUR]F
__
KM\]YDOQPZe
FbEF/VtR
w(ε)
P^iSFoi]FbOMP^R]F
_
yL`
uσ(ε) = wσ(ε)− εX3bασ(x1, x2)wα(ε)
P^V
_
u3(ε) = w3(ε).
ﬁaDBA A
 
Ł
F
_
F
_
Nfe
F)R]AfP^RxFﬀA8PZF)P\aKMEKUOQP^ioPZ\]`LEY[R]TZR]KQeF
g[YfPZVf\]KUTWVf\#TWimRSADFc| #
_
KM\]YDOQPZe/F/EF/VtRb
¯
TWi]FbTﬃZFbibfPW\
R]ADFx\aADKUR]Fbi
_
KD?F/ip\iSTZE R]ADFK
_
F/VtR]KURk`yt`PoRSF/iSE TZTZi
_
F/i
ε
TZ±TZi
_
F/i;TZ
_
F/iSKUﬃP^R]KMTZV&/Fbi]T8ZF
_
F
_
Nfe/F#R]AfP^R
R]ADF)R]Fbi]E2\T^¤TWi
_
Fbi
0
P^V
_
1
KUV
ε1/2
P^iSFFﬀtNfPZOM\mTZi
w(ε)
P^V
_
u(ε)
o@BALNf\mR]AfF)YDiSTZY=TW\]KUR]KMTZV F[ zKM\mR]ADF
\]PZEcFxTWiBR]ADFd\aF
_
KQ\]YDOMPWe
FbEcFbVtRS\b

TZR]F$F/WF/VtR]N8P^OMOU`RSAfPﬃRXNf\]KMVD~2²±F/EE2PaDBA#iSKURaR]FbVKUV
Ωε
DP^V
_
N8\aKMVD~Fb\aR]KME2PﬃR]Fd\BT^R]ADFoRSF/iSE\BTZRSADF
F
g[YfP^V8\aKMTZV2KMV YDAL`[\]KMebP^OfﬃPZi]KQP^yDOMFb\btFTZy[RpP^KMVR]ADFxEﬀNDOUR]KQ\Se/P^OMFmF/g[YfP^Vf\]KMTZVTZiR]AfF\]ADKRSF
__
KM\]YDOQPZe/F/EF/VtRKMV
Ωε
;@BADKQ\#\aADTﬃX\B@BADFbTZiSF/E AW zD
KUVfPZOUOM`ZfNf\aKMVD~2@BADFbTZiSF/E af z)P^V
_
h;iSTZY=TW\]KUR]KMTZVP^V
_
FL z[[FoFbPZ\]KMOU` \]ADTﬃ.h¤i]TWY8Tt\aKUR]KMTZV AZ |D

   +?147 
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F|>fip\kR e/TZEYfP^iSFR]AfF¥TZY=F/ipPﬃRSTZip\
A˘1/2
P^V
_
K˘1/2

Ł
F¥AfPWFR]ADFTWOUOMTﬃ#KMVD~Fb\aR]KME2PﬃR]F\]F/F
h;i]TWY8Tt\aKUR]KMTZVGf z)T^xRAs\T
 
H
deg A3 ≤
(
4 5
5 4
)
.
ﬁafAz
 
¯
TZiSF/TﬃWF/idZRSADF$TZY=F/ipPﬃRSTZip\
Ak
P^iSFoT^TZi
_
F/iXP^RBETt\kR
k + 2
TWi
k ≥ 4 
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∑
n≥−1
εn/2
n+1∑
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∑
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∣∣
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φ
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∣∣
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KQ\ _ F>fVDF _ PZ\
e˜ij(w) = eij(µ
−1(x3)w)
KQ\R]ADF$\aR]ipP^KMVR]FbVf\]TZiBPZ\S\aT[e
KQPﬃRSF _ #KRSA RSADF$\aADKUR]F _
_ KM\]YDOQPZe/F/EF/VtRb Ł F)AfPWF
E˜ε3D[w
ε] = Eε3D[u
ε]
o@BAfFﬀF
g[YfPZVf\]KUTWV¥T^RSADF)TWY8FbiSP^R]TWi
e˜ij
TWV
Ωε
KQ\x~ZKMZF/VKMV
h;i]TWY8Tt\aKUR]KMTZV|D z)T^xRAs\T 
§m\]KUVf~)RSADF$Y=TW\]KRSKULKURk` T^R]ADF$iSKM~ZK _ KRk`R]F/V8\aTWib[FoAfPZFR]AfP^R
c‖e˜ij(wε)‖2L2(Ωε) ≤ E˜ε3D[wε] ≤ C‖e˜ij(wε)‖
2
L2(Ωε)
,
ﬁaf zA
 
TZiXe
TWVf\aRSP^VtRp\
c
PZV _
C
KMV _ F/Y=F/V _ F/VtRXTZV
ε

n#FbebP^OMO\]F/Fo@BADF/TWi]FbE G8 G)T^sRBAdsbT
 
LR]AfP^RRSADFoTZY=F/ipPﬃR]TWiS\
V1
P^V _
V2
T^±RSADFxTZiSEPZO=\]F/iSKMFb\
V[ε]
#iSKRSF
V1z =
{
−X3θσ(z)
−X3pγαα(z)
P^V _
V2z =
{
X23
2 Dσγ
α
α(z)
X23
2 p
(
ραα(z)− pbααγββ (z)− 2bβαγαβ (z)
) ﬁaf zWz  
#ADF/iSF
p = λ(λ+ 2µ)−1
;@BADFoTZOMOMTﬃ#KUVD~cOMF/EE2PYDi]Fde
KQ\aFR]AfF0>fiS\aRXYfPZiaR#T^h;iSTZY=TW\]KRSKUTWVvF[ zD
¤©   
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 b
v1 = ζ1 + V1ζ0 =
{
ζ1σ −X3(Dσζ03 + bασζ0α),
ζ13 −X3pγαα(ζ0),
ﬁaf zZ|
 
#n?"|<&4ﬀhﬀ :n"l 2	=b	 i
(T, s,X3) 
W 1 =
 Z1T −X3∂TZ
1/2
3
Z1s −X3∂sZ03
Z13 −X3p∂TZ1/2T +X3pbαα(0, s)Z03 +X
2
3
2 p∂TTZ
0
3
 . ﬁaf z^G  


­­ ­  ¤©
   	 
	 
@BADFFﬀtNfP^R]KMTZV:ﬁaf zZ|
 
KM\e/OUFdP^iNf\]KUVf~+RSADF
_
F>fVDKUR]KMTZV T^
v[ε1/2]
P^V
_
RSADF
F
g[YDiSFb\S\aKMTZVT^
V1


Tﬃ N8\aKMVD~cR]ADFoTWi]E2PZO±\aFbi]KMFb\$ FL z
 
DFoAfPZF
W 1 = V0Z1 + V1/2Z1/2 + V1Z0,
ﬁaf zWs
 
#KRSA
V
0 = V0,0, V1/2 = V0,1/2 + V1,−1/2
P^V
_
V
1 = V0,1 + V1,0 + V2,−1.
£NDRNf\]KMVD~mRSADF
_
F>fVfKRSKUTWVﬀT^fR]ADFTZY=F/ipPﬃRSTZip\
V
k,n ﬃF¤FbPW\aKMOM`o\]F/FR]A8PﬃR
V
0 = V0,0
KM\R]AfFK
_
F/VtRSKRk`$TWY8FbiSP^R]TZid
ILKUEKMOMPZi]OM`Z[N8\aKMVD~cR]ADF$F/g[YDi]Fd\]\]KMTZV TZ
V1
P^V
_
V2
F$\aFbFoR]AfP^R
V
1,−1/2Z =

−X3∂TZ3,
0,
−X3p∂TZT ,
V
2,−1Z =

X23
2 p∂TTZT ,
0,
X23
2 p∂TTZ3,
P^V
_
V
1,0Z =

−X3(brr(0, s)ZT + bsr(0, s)Zs),
−X3(∂sZ3 + brs(0, s)ZT + bss(0, s)Zs),
−X3p(∂sZs + Γααr(0, s)ZT + Γααs(0, s)Zs − bαα(0, s)Z3),
P^V
_
R]AfKM\#\]ADTﬃX\R]AfF$i]Fd\aNDOURb
Ł
F$VfTﬃ ~ZKMZFoFd\kRSKUE2PﬃRSFb\#e/TZiSi]Fd\aY=TZV
_
KUVD~ﬀR]T¥aD r
 
TZVR]ADF$YfAt`[\]KMebP^O±\]ADF/OMO 
243Z25
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ζ ∈ Σ(S0) ln Z ∈ C∞
(
∂S0,T(R
+)
 : oI# ﬁ

"#nI ﬂ#n ﬂ ﬀ'ﬃ
ε 
#ﬀ
 h :ﬀ 

n
	$#Ii6_C#n 

kﬀ#nI =6=  !  i  :	$ (=
 
&


 & b
‖ζ‖
L2(Ωε)
= O(ε1/2), ‖Z‖
L2(Ωε)
= O(ε3/4),
‖∂αζ‖L2(Ωε) = O(ε1/2),
ln ‖∂αZ‖L2(Ωε) = O(ε1/4).
 
v ∈ C∞(I,Σ(S0))  W ∈ C∞(I×∂S0,T(R+)) #n Φ ∈ C∞(∂S0,H(Σ+)) kCog# ﬁ.#ﬀ  \ :ﬀ
  i!	%"#n  ﬂln ﬂ8ﬀ'ﬃ
ε
ﬀ  :	ﬂﬀln"Go ﬀ <&4<&G 6=ﬂ	ﬀ ﬃ4  i%	 # :	_ "q"&ﬂ?:ﬂﬂ	ﬁﬀ ﬀ ﬃ
wε


&ﬂ


.&ﬂ
‖v‖
L2(Ωε)
= O(ε1/2), ‖∂αv‖L2(Ωε) = O(ε
1/2),
#n ‖∂3v‖L2(Ωε) = O(ε
−1/2),
‖W‖
L2(Ωε)
= O(ε3/4), ‖∂αW ‖L2(Ωε) = O(ε1/4),
ln ‖∂3W ‖L2(Ωε) = O(ε−1/4),
#n
‖Φ‖
L2(Ωε)
= O(ε), #n ‖∂iΦ‖L2(Ωε) = O(1).
§m\]KUVf~R]ADFd\aFxRkTcOMF/EE2PZ\bDh;iSTZY=TW\]KUR]KMTZV{FL z)PZV
_
h;i]TWY8Tt\aKUR]KMTZV|D z)T^ RAs\T~WKULKMVD~cR]ADF$F/gLY8P^Vf\]KUTWVf\BT^
R]ADF$TWY8FbiSP^R]TZip\
e˜ij
[KURXKM\XVDT^R#AfPZi
_
R]T2YDiSTﬃZFR]A8PﬃR
‖e˜αβ(v0 + ε1/2v1/2 + εv1)‖L2(Ωε) = O(ε1/2),
#ADF/iSFoFoNf\]FoR]ADFoPWeRBR]A8PﬃR
ζ0 6= 0  ¯ TWi]FbTﬃZFbibWTZiXPZOUO k ≥ 3 
‖e˜αβ(εk/2vk/2)‖L2(Ωε) ≤ O(ε(k+1)/2).
ILKMEcKMOQP^iSOU`W[#i]KUR]KMVD~cR]ADF$F/g[YfP^Vf\]KMTZVT^
e˜ij
KMVe
TLTZi
_
KMVfPﬃRSFb\
(T, s,X3)
`LKMF/O
_
\
‖e˜αβ(W 0 + ε1/2W 1/2 + εW 1)‖L2(Ωε) ≤ O(ε3/4),
P^V
_
TZiXPZOUO
k ≥ 3 
‖e˜αβ(εk/2W k/2)‖L2(Ωε) ≤ O(ε(2k+1)/4).
¯
TZiSF/TﬃWF/idWFoAfPZFTZimPZOUO
k ≥ 2
‖e˜αβ(εk/2Φk/2)‖L2(Ωε) ≤ O(εk/2).
§m\]KUVf~ﬀRSADF$oKUipepADADT D8 ²±TﬃWFX\kRSi]Nfe
R]NDiSFxT^±RSADF}>8iS\aRRSF/iSE2\TZ±R]AfFTWi]E2PZO=\]F/iSKUFd\
V[ε]
[Fx\aFbFc¢\aFbF%RBA/GT
TZiBNDi]R]ADFbi
_
F/RSP^KMOQ\
 
R]A8PﬃRXNDV
_
F/iBR]AfFe
TZV
_
KRSKUTWV
ζ0 6= 0 
‖e˜α3(v0 + ε1/2v1/2 + εv1 + ε3/2v3/2)‖L2(Ωε) = O(ε3/2),
#ADKUOMFoTZiXPZOUO
k ≥ 4 
‖e˜α3(εk/2vk/2)‖L2(Ωε) ≤ O(ε(k−1)/2).
ILKUEKMOMPZi]OM`Z[F$e
TWEcYfN[R]FoRSAfPﬃR
‖e˜α3(W 0 + ε1/2W 1/2 + εW 1)‖L2(Ωε) ≤ O(ε5/4),
P^V
_
TZiXPZOUO
k ≥ 3
‖e˜α3(εk/2W k/2)‖L2(Ωε) ≤ O(ε(2k−1)/4).
MŁ
| a  MIﬀ
DTZiBRSADF|# y8TWNDV _ PZi]`2OQP`ZFbiRSF/iSE2\/[F$~ZF/RTWiXP^OMO
k ≥ 2 
‖e˜α3(εk/2Φk/2)‖L2(Ωε) ≤ O(εk/2).
KUVfPZOUOM`ZDTZiBR]AfFoR]ipP^Vf\]ZFbiS\]F\aR]ipP^KMV±[FxTWy[RSPZKUVR]AfF$Fb\aR]KMEP^R]Fd\
‖e˜33(v0 + ε1/2v1/2 + εv1)‖L2(Ωε) = O(ε1/2)
P^V _ TZiXPZOUO
k ≥ 3  ‖e˜33(εk/2vk/2)‖L2(Ωε) ≤ O(ε(k−1)/2)
¤ILKMEcKMOQP^iSOU`W[F$AfPWF
‖e˜33(W 0 + ε1/2W 1/2 + εW 1)‖L2(Ωε) ≤ O(ε3/4)
P^V _ TZi
k ≥ 2 
‖e˜33(εk/2W k/2)‖L2(Ωε) ≤ O(ε(2k−1)/4)
P^V _ ‖e˜33(εk/2Φk/2)‖L2(Ωε) ≤ O(εk/2).
$xi]TWNDYDKMVD~R]TW~ZF
RSADF/ixRSADF2YDiSF/LKUTWNf\oFb\aR]KME2PﬃRSFb\$P^V
_
Nf\]KMVD~@BADF/TWi]FbE aD z TZiP\aN@2e/KUFbVtR]OM`¥OMPZi]~WF
N

F$\]F/FxR]AfP^R
‖e˜αβ(wε)‖L2(Ωε) = O(ε1/2),
#ADF/iSFxR]ADF$E2P^KMVe
TWVWRSi]KMyDN[RSKUTWVe/TZEFb\iSTZE R]ADF.>fip\kR#RSF/iSE
ζ0 6= 0 ;ILKMEKUOQP^iSOM`Z
‖e˜α3(wε)‖L2(Ωε) ≤ O(ε),
#ADF/iSF;RSADFBEPZKUVce
TWVWRSi]KMyDN[RSKUTWVﬀe
TWEFb\i]TWE RSADFx>fip\kR|#¦y8TWNDV
_
PZi]`oOQP`ZFbi±R]Fbi]E
Φ1
RSADKQ\R]F/iSE E2P`oPZVDKQ\aA
F/ZFbVKU
ζ0 6= 0 DPZ\BKUR _ FbY8FbV _ \#TWVDOU` TZVR]ipPZe
Fd\BT^ ζ0 H;\aFbFxR]ADF$F ﬀWN8PﬃR]KMTZV"¢sDAd|   T^xRAs\T    ,;WF/VtR]NfPZOUOM`Z
‖e˜33(wε)‖L2(Ωε) = O(ε1/2),
#ADF/iSFxR]ADF$E2P^KMVe
TWVWRSi]KMyDN[RSKUTWVe/TZEFb\iSTZE
ζ0
;@BAfFb\]FxFd\kRSKUE2P^R]Fb\m\aADTﬃ.R]ADF$iSFb\]NDOURb
  Ł
FYDiSTﬃZFmVDTﬃR]AfFx\]Fbe/TZV
_
Fd\kRSKUE2P^R]FxKUV  AZ z^{
 
;²±F/R
Wz
y=FxR]ADFxTZY=F/ipPﬃRSTZie
TZiSiSFb\]Y8TWV
_
KMVD~$R]T
Uz
R]ADiSTZND~WA RSADF\]ADKRSF/id[R]A8PﬃR#KM\
Wz = µ−1(x3)Uz

Ł
F$VDTﬃ YDiSTﬃZFR]A8PﬃR
E˜3D[w
ε −Wzε] ≤ CεE˜3D[wε]
P^V
_
R]AfKM\#\]ADTﬃX\R]AfF$i]Fd\aNDOURb
n#FbebP^OMOR]AfP^R$#KRSA
zε
F2PW\]\]T[e
KQPﬃR]FﬀRkTTWi]E2P^O\]F/iSKUFd\
ζ′[ε1/2]
P^V
_
Z ′[ε]
~WKUWF/V yL` @BAfF/TZiSF/E G8AW
§m\]KUVD~h;iSTZY=TW\]KUR]KMTZV{FL z[[KURXKM\#FdPZ\]`R]T2YDiSTﬃZFmR]AfP^RXFoAfPWF$P^VPZ\]`tEY[RST^RSKMexF
g[YfPZVf\]KUTWV
wε −Wzε '
∑
k≥0
εk/2
(
ek/2 + χ(Ek/2 + Φk/2)
)
,
#ADF/iSFoFoAfPWF
e0 = e1/2 = 0
P^V
_
e1 = ζ1,
#ADF/iSF
ζ1 = ζ1 − ζ′1 8P^V _ \]KUEKMOMPZi]OM`
E0 = 0, E1/2 =
 00
Z
1/2
3
 P^V _ E1 =
 Z1T − x3∂TZ1/23Z1s
Z13

243Z25
 
		ﬁﬀﬂ	ﬃﬀ !" #$ﬁ%	'&ﬂ"(	 |Zr
#ADF/iSF
Z
k/2
3 = Z
k/2
3 − Z ′3k/2
TWi
k = 1
P^V _
2
;lm\By=F
TWi]FWDFoe/TZEYDN[RSFxR]AfP^R
‖e˜αβ(e0 + ε1/2e1/2 + εe1)‖L2(Ωε) ≤ O(ε3/2)
P^V _
‖e˜αβ(E0 + ε1/2E1/2 + εE1)‖L2(Ωε) ≤ O(ε5/4).
¯ TZiSF/TﬃWF/iFoAfPWF
‖e˜α3(e0 + ε1/2e1/2 + εe1)‖L2(Ωε) ≤ O(ε5/2)
P^V _
‖e˜α3(E0 + ε1/2E1/2 + εE1)‖
L2(Ωε)
) ≤ O(ε7/4).
,;ZFbVWRSNfP^OMOM`Z[F$AfPZF
e˜33(e
0 + ε1/2e1/2 + εe1) = 0
PZV _
e˜33(E
0 + ε1/2E1/2 + εE1) = 0.
Ł Fe/TZVfe/OUN _ FoPW\By8F/TZiSFoNf\aKMVD~@BADFbTZiSF/E af zﬀR]A8PﬃR
E˜ε3D[w
ε −Wzε] ≤ O(ε2) = O(εE˜ε3D[wε]),
#ADF/iSFR]ADF2EFdP^Ve
TWVWRSi]KMyDN[RSKUTWVe
TZEFd\xi]TWE&R]AfF6>fip\kRﬀ| # y8TWNDV
_
PZi]` OMP`WF/ioR]Fbi]E
Φ
1 @BAfKM\\]ADTﬃX\xRSADF
@BADF/TWi]FbE
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_
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N)ET
_
C/OMFBOUKMVdP^KMi]F
_
F#e
TﬁﬀtNDFb\
_
F
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
TZR]Fb\;KUV	,¤e/TZVDTWEKMeb\;P^V
_¯
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+F/iSOMPZ~frXFbK
_
F/OMy8Fbi]~AbrGFﬃuf
R |T   .M[ML
VM`MhM-]  -_VM`X[ZOQXﬃovVR]ADF (ky=Fb\aR) >fip\aRa TZi
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